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This paper pursues the aim of finding geometrical characterizations for the
nonparametric Weierstrass integral. I prove that, under quite natural conditions,
the nonparametric Weierstrass integral is a length functional with regard to a
Žsuitable metric. An analogous result was proved in L. Faina Studia Math 127
Ž . .1998 , 9]19 for the parametric case. Q 2000 Academic Press
1. INTRODUCTION
The nonparametric integral of the calculus of variations as a Weierstrass
Ž .integral W integral was introduced, in the one-dimensional case, by Vinti
w x Ž w x.23 following McShane’s idea see 20 of associating a suitable paramet-
ric integral to the classic nonparametric integral of the calculus of varia-
tions.
w xBoni and Brandi 3 started to study the multiple integral of the calculus
of variations as a Burkill]Cesari integral, in the nonparametric case; more
w xrecently, Brandi and Salvadori 10, 11, 13, 15 extended these results to
Ž .abstract spaces and to bounded variation BV varieties not necessarily
continuous, obtaining, among other things, a very general semicontinuity
result.
The W integral has a simple and constructive definition through only
one limit process over finite sums; a well-known advantage in the study of
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the W integral, in spite of the Lebesgue one, is the definition of a
satisfactory length functional. Another good reason for studying the inte-
grals of the calculus of variations as Weierstrass integrals over a variety,
rather than as Lebesgue ones, is that they always represent the measure of
a geometric quantity connected to the variety.
w xMenger 21 first conjectured that the parametric W integral, over a
w x nsuitable class V of continuous functions x: a, b “ R always is a length
functional with respect to the metric
d p , q s inf W x ,Ž . Ž .W
xgV p , q
 Ž . Ž . 4where V s x g V : x a s p, x b s q .p, q
In a preceding paper, I proved that, following the outlines of Menger’s
conjecture, the parametric Weierstrass integral over a BV curve, possibly
discontinuous, is a length functional with respect to the metric d , if theW
integrand does not depend explicitly on the curve.
The aim of the present paper is to extend this result to the nonparamet-
ric case. The different setting of the problem forced me to modify the
Ž .definition of the function d proposed by Menger see Section 2.2 .W
I underline that this result is valid for unabridged integrands, even if in
the one dimension.
2. THE BURKILL]CESARI INTEGRAL
Ž .Let A, G be a topological space and denote by M the family of all
 4subsets of A. Consider a subfamily I ; M and call intervals the sets I. A
w xfinite system D s I , . . . , I is a finite collection of nonoverlapping1 n
intervals, i.e.,
˚ ˚I / B and I l I s B i / j; i , j s 1, . . . , N ,i i j
˚where I and I denote the G-interior, respectively G-closure, of I.
Ž . Ž .Let T , 4 be a directed set and let D be a given net of finitet t g T
 4systems. Let s: M = M “ 0, 1 be the function defined by
1 if H ; K ;
s H , K sŽ . ½ 0 otherwise.
 4 nLet F: I “ R be a given interval function. The function F is said to be
Ž . Ž w x.Burkill]Cesari BC integrable over M g M see Cesari 17 if the limit
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below exists:
lim s I , M F I .Ž . Ž .Ý
T IgDt
In this case, we shall denote by BC y H F its value.M
The function F is said to be of BV over M g M if
< <V F , M s lim sup s I , M F I - q‘.Ž . Ž . Ž .Ý
T IgDt
2.1. The W Integral o¤er a Nonparametric Cur¤e
Let f : K = R “ Rq , with K ; R2 compact and connected, be a func-0
tion satisfying the following conditions:
Ž . Ž . Ž .f 1 f t, u, ? is convex for every t, u g K.
Ž .f 2 There is a constant H such that1
< <f t , u , ¤ F H 1 q ¤ , t , u , ¤ g K = R.Ž . Ž . Ž .1
Ž . Ž Ž .. Ž < <. Ž .f 3 The function f t, u, ¤ r 1 q ¤ is continuous in t, u , uni-
formly with respect to ¤.
Ž .f4 There is a constant H such that2
< <f t , u , ¤ G H ¤ , t , u , ¤ g K = R.Ž . Ž .2
w x ŽLet x: a, b “ R be a BV curve in the generalized sense, see Cesari
˘ "w x. Ž w x w x. Ž . Ž ."16 . As is well known Boni 1 and Salvadori 22 , limess x t s x tt “t
w x  x w Ž . qŽ .exists for every t g a, b and if we take E s t g a, b : x t s x t sx
yŽ .4  x w qŽ . yŽ .4 w xx t and S s t g a, b : x t / x t , then a, b _ E is a null setx x
and S is at most denumerable.x
KŽw x. w xDenote by BV a, b the set of all BV functions x: a, b “ R whose
Ž "Ž .. w x4 Kgraph, graph x s t, x t : t g a, b , is contained in K, and BV s
KŽw x. 2  4D BV a, b . Let I be the family of all closed subintervals ofw a, b xj P Ž K .
w xa, b whose endpoints belong to E and let D be the collection of allx x
w x  4 Nfinite subdivisions D s I , I , . . . , I , with I g I and D I s1 2 N i is1 i
w D D xa , b .
Consider the mesh function d : D “ Rq defined byx
D D < <d D s max a y a , b y b , I : I g D ,Ž . Ž . 4Ž .
which makes D a directed set.x
2 Ž .P K denotes the projection of K into its first coordinate space.
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w I I x  4For every I s t , t g I denote by t g I l E a point arbitrarily1 2 I x
Ž . yŽ I . qŽ I . y  yŽ I .chosen by D x I s x t y x t , and finally by x s min x t ,2 1 I 2
qŽ I .4 q  yŽ I . qŽ I .4x t and x s max x t , x t .1 I 2 1
 4 qLet F : I “ R be the interval function defined byx 0
< < q¡ I D x IŽ .xI f t , u , du, if D x I / 0Ž .H Iž /~ y< < < <D x I IŽ .F I s xŽ . Ix ¢< <I f t , x t , 0 , if D x I s 0.Ž . Ž .Ž .I I
The BC integral of F , when it exists, will be called the Weierstrass integralx
Ž .W integral of the calculus of ¤ariations o¤er the nonparametric cur¤e x, and
Ž . 3it will be denoted by W x .
The following results about the existence, approximation, and semiconti-
w xnuity of the W-integral are due to Brandi and Salvadori 15 .
Ž . K Ž .THEOREM 1 Existence . For e¤ery x g BV , W x exists and it is
independent of the choice of t g I.I
Ž . KŽw x.THEOREM 2 Approximation . For e¤ery x g BV a, b , there is a
Ž .sequence of polygonals P , with graph P ; K, such thatn n n
L1 4P “ x , sup V * P g R,Ž .n n
n
and
lim W P s W x .Ž . Ž .n
n
Ž . K Žw x.THEOREM 3 Semicontinuity . For e¤ery n G 0, let x g BV a, b ben
such that
L1
sup V * x g R and x “ x .Ž .n n 0
nG0
Then,
lim inf W x G W x .Ž . Ž .n 0
n
Finally, the following proposition will be useful in the next section.
3 When there is risk of confusion, the W integral will be denoted with something remem-
Ž w x.bering the domain of the curve, i.e., W x, a, b .
4 Ž .Given a BV function x, V * x denotes the generalised variation of x; that is,
V * x s V D x , E .Ž . Ž .x
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Ž w x.PROPOSITION 4 See Brandi and Salvadori 15, Proposition 5 . For
KŽw x. w x w xe¤ery x g BV a, b and a , b ; a, b we ha¤e
< < < < 5w x w x w xW x , a , b y W x , a , g y W x , g , b F H D x g ,Ž .Ž . Ž . Ž . 1
x wfor e¤ery g g a , b .
2.2. The W Integral as a Length Functional
Ž . Ž .For every p, q g K, p s p , p , and q s q , q , set1 2 1 2
K w x nG s x ; BV : x : a , b “ R ,Ž .p , q k k k kk
p ) a , q - b , lim a , xq a s p , lim b , xy b s q .Ž . Ž . 4Ž . Ž .1 k 1 k k k k k k k k k
Ž . KAssume that W x exists for every x g BV and define the function
d p , q s inf lim inf W x , p , q g K.Ž . Ž .W k
Ž . kx gGk k p , q
The main result of this paper is the following.
THEOREM 5. Let K ; R2 be connected and compact. Let f : K = R “
q Ž . Ž . Ž . Ž .R be a function satisfying the properties f 1 , f 2 , f 3 , and f4 . Then, W0
is a length functional with respect to the pseudo-metric d ; that is, for e¤eryW
x g BV K,
W x s L x s sup d t I , xq t I , t I , xy t I .Ž . Ž . Ž . Ž .Ž . Ž .Ž .Ýd W 1 1 2 2W
DgD IgDx
Ž . KProof. Theorem 1 ensures that W x exists for every x g BV ; further-
more, in light of Proposition 4, W is additive on BV K; that is, if x g
KŽw x. K Žw x.BV a, b , y g BV b, c , then the function
w xx t if t g a, bŽ .
z t s aŽ . Ž .½ x xy t if tg b , cŽ .
KŽw x.belongs to BV a, c and
< < < y q <W z y W x y W y F H x b y y b .Ž . Ž . Ž . Ž . Ž .1
5 Ž . qŽ . yŽ .D x g s x g y x g .
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In order to prove that d is a pseudo-metric over K, let p, q, r g K. ByW
Ž . Ž .the definition of d , fixed e ) 0 there are x g G , y g G withW k k p, q k k q, r
e
d p , q q G lim inf W x andŽ . Ž .W k2 k
e
d q , r q G lim inf W y .Ž . Ž .W k2 k
Ž . Ž .1 2Let x , y be two sequences with the property thatk j k jj j
lim inf W x s lim W x 1 and lim inf W y s lim W y 2 .Ž . Ž .Ž . Ž .k k k kj jk j k j
KŽw x.1 2For every j g N, consider the function z g BV a , b defined byj k kj j
w x¡ 1 1x t if t g a , q ,Ž .k k 1j j~z t sŽ .j ¢ 2 2y t if t g q , b ;Ž .k 1 kj j
Ž .from the property a , we get
d p , r F lim inf W z F lim W x 1 q lim W y 2Ž . Ž . Ž . Ž .W j k kj jj j j
F d p , q q d q , r q e .Ž . Ž .W W
The arbitrariness of e gives
d p , r F d p , q q d q , r .Ž . Ž . Ž .W W W
Ž . Ž .From the property f 1 , it follows easily that d p, p s 0 for everyW
p g K; hence, d is a pseudo-metric over K.W
KŽw x.Now, given x g BV a, b and D g D , we havex
W x s W z I ,Ž . Ž .Ý
IgD
I K Ž .where z g BV I is defined by
z I t s x t , t g I.Ž . Ž .
From the definition of d , we getW
W x s W z I G d t I , xq t I , t I , xy t I ;Ž . Ž . Ž . Ž .Ž . Ž .Ž .Ý Ý W 1 1 2 2
IgD IgD
therefore,
W x G sup d t I , xq t I , t I , xy t I s L x .Ž . Ž .Ž . Ž .Ž . Ž .Ž .Ý W 1 1 2 2 dW
DgD IgDx
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Ž .For the other inequality, let D be sequence of finite systems with then n
properties that for every n g N, D is a refinement of D andnq1 n
Ž .lim d D s 0.n n
From the definition of d , for every I g D there is a sequenceW n
Ž I . I q I I y Iz g G such thatk k Ž t , x Ž t .., Ž t , x Ž t ..1 1 2 2
1
I q I I y I Id t , x t , t , x t G lim inf W z y ;Ž . Ž . Ž .Ž . Ž .Ž .Ý ÝW 1 1 2 2 k nq22kIgD IgDn n
I Ž I .for every n g N, let z g z be such thatk k kn
< <IqI I q I< <z t y x t F ,Ž . Ž .k 1 1 nq2n 2
< <IyI I y I< <z t y x t F ,Ž . Ž .k 2 2 nq2n 2
< <I
I Ilim inf W z G W z y .Ž . Ž .k k nq2n 2k
Let x be the function defined byn
x t s z I t , t g I ;Ž . Ž .n k n
we have
1
I q I I y Id t , x t , t , x t G W x y .Ž .Ž . Ž .Ž . Ž .Ž .Ý W 1 1 2 2 n n2IgDn
Ž .Therefore, from f ,4
H V * x F W x F L x q 1, for every n g N.Ž . Ž . Ž .2 n n dW
Since K is bounded, by virtue of the Helly compactness theorem, there is a
Ž . KŽw x.subsequence that we call again x , and a function x g BV a, bn n 0
1Žw x.such that x “ x in L a, b .n 0
Now, let P be the polygonal with vertices at those points of the graphn
Ž .of x or equivalently, the graph of x located by D . Taking into account0 n
Theorem 2 and its proof, we get
L1 1L
P “ x , P “ x ;n 0 n
hence,
w xx s x a.e. in a, b .0
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Finally, by virtue of Theorem 3, we get
L x s lim d t I , xq t I , t I , xy t IŽ . Ž . Ž .Ž . Ž .Ž .Ýd W 1 1 2 2W n IgDn
G lim inf W x G W x .Ž . Ž .n
n
Ž .Remark 6. In general, d is not a metric. In fact, if we take f t, u, ¤W
< < Ž .s ¤ , it is easy to verify that d p, q s 0, for p, q g K, does not implyW
that p s q.
A condition guaranteeing that d is a metric isW
Ž . Ž . Ž .f5 f t, u, 0 ) 0 for every t, u g K.
Ž .In fact, let d p, q s 0 for some p, q g K; by definition of d , thereW W
Ž .is a sequence x g G withk k p, q
lim W x s 0.Ž .k
k
Ž .The growth condition f4 gives
lim V * x s 0;Ž .k
k
that is,
p s q .2 2
Ž .Finally, in light of condition f5 , we get easily p s q ; that is,1 1
p s q.
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